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ABSTRACT

Minimum Variance Distortionless Response (MVDR) and
Minimum Mean-Squared Error (MMSE) beamformers are
popular array processors for enhancing multichannel record-
ings of a directional source. We propose their approximate
variants having the generalized sidelobe canceler structure
whose performances depend purely on the blocking matrix
part. No auxiliary methods such as adaptive interference can-
celer or voice activity detector to estimate the source/noise
covariance are needed. Instead, scale-invariant least square
estimators are used, which enable to estimate the noise also
during speech activity and to recover original spectra of the
target source on the microphones. In experiments, we com-
pare signal-to-noise ratio improvements of several variants
of the beamformers achieved on six-channel recordings of
speech in nonstationary noisy conditions.

Index Terms— Minimum Variance Distortionless Beam-
former, Minimum Mean Square Error Beamformer, Blind
Source Separation, Scaling Ambiguity

1. INTRODUCTION

Consider a noisy recording of a directional source observed
through m microphones. In the frequency domain, the model
reads

x(k) = a(k)s(k) + y(k), (1)

where x(k) is them×1 vector of the signals on microphones,
s(k) is the target signal, a(k) is the steering vector whose ele-
ments contain acoustic transfer functions between the source
and the microphones, and y(k) involves all other interfer-
ing sources and noise components that are uncorrelated with
s(k)1. From now on we will omit the frequency index k from
the notation in order to simplify the exposition.

This work was supported by The Czech Science Foundation through
Project No. 14-11898S and partly by California Community Foundation
through Project No. DA-15-114599.

1In fact, a(k) can be defined in a different way depending on the target
scaling of the enhanced signal [1]. For example, it can represent early parts
of the acoustic transfer functions as considered in [2].

Popular array processors that extract s from x, thereby re-
duce noise, enhance or even dereverberate the target signal,
are the Minimum Variance Distrotionless Response (MVDR)
and Minimum Mean-Squared Error (MMSE) beamformers
[3]. They are, respectively, represented by vectors

wMVDR =
C−1y a

aHC−1y a
and wMMSE = C−1cxs, (2)

where C = E[xxH ], Cy = E[yyH ], cxs = E[xs∗], E[·]
stands for the expectation operator, and ·∗ and ·H denote the
conjugate value and the conjugate transpose, respectively.
The output ŝ = wHx can be either the estimate of s or a
scaled variant of it, which is, typically, the response (spatial
image) of s on a microphone [1] or a partly dereverberated
signal on a microphone [2]. In this paper, we aim at the esti-
mation of the spatial images of s, which does not require any
additional knowledge about the original spectrum of s.

Various strategies have been proposed to estimate Cy or
cxs from x, many of which try to decompose C as a sum of
signal and noise covariances [4]. Cy can be observed during
noise-only intervals, for which an activity detection of s is
needed. Recently, deep neural networks (DNN) trained on
clean signals have been popular tools to perform in-depth
frequency-dependent voice activity detection (VAD); see,
e.g., [5, 6, 7]. The goal of this paper is to avoid the need for
any signal activity detection.

A popular implementation of MVDR is Generalized Side-
lobe Canceler (GSC) that is comprised of three blocks, called
fixed beamformer (FB), blocking matrix (BM), and adap-
tive interference canceler (AIC) [8]. The FB block acquires
the target signal under the distortionless constraint. The BM
works in parallel with the FB, where it cancels s and produces
noise-only reference signals. The AIC aims to minimize the
power of the residual noise in the output of the FB using the
reference from the BM.

To realize GSC, three crucial problems have to be solved.
(P1) One has to cope with the scaling ambiguity in ŝ when a
is not precisely known. For example, a can be blindly iden-
tified up to a scaling factor, e.g., as the principal vector of an
estimate of the covariance of as [6]. (P2) The BM has to be
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found such that the leakage of the target signal into the noise
reference is as small as possible [1, 9, 10]. (P3) In dynamic
situations (e.g, moving sources), the AIC, typically realized
through adaptive normalized least-square algorithm, can per-
form its task efficiently only during noise-only periods [1].

In this paper, we propose approximate MVDR and MMSE
beamformers that depend purely on the solution of (P2) and
cope with the problems (P1) and (P3) by using scale-invariant
least-square estimators. The scale-invariance property is im-
portant, because a is identified up to its scale as a vector gen-
erating the null-space of the BM. Also the output of the BM
could be seen as a scaled variant of y where the scaling factor
is unknown. Here, the AIC is realized by the scale-invariant
estimate of y that does not require any additional assumptions
or VAD (can be applied during periods of activity of the target
signal).

The paper is organized as follows. Section 2 introduces
the scale-invariant estimators. In Section 3, the approximate
MVDR and MMSE beamformers are derived. Section 4
is devoted to an experiment in which the beamformers are
compared with optimum ones (using known target signal and
noise). The proposed beamformers are compared in variants
where the BM is built up from known and estimated Relative
Transfer Functions (RTFs). Section 5 concludes the paper.

2. SCALE-INVARIANT ESTIMATORS

The scaling ambiguity appears in Blind Source Separation
(BSS) models, for example, in Independent Component Anal-
ysis (ICA) [11]. Let B be a d×m matrix that extracts from x
a d-dimensional signal u = Bx. Due to indeterminacy of the
BSS model, u has random scaling. A popular solution to the
scaling ambiguity proposed in [12, 13] assumes that a regular
de-mixing matrix that separates x into individual signals is
available. In this respect, B is a submatrix that consists of the
rows of the de-mixing matrix. The inverse of the de-mixing
matrix is used to estimate u as it appears in the mixture x; let
the contribution of u to x be denoted as ux.

In fact, the approach [12, 13] can be applied when x is a
determined mixture of signals, which is true only if x = Av
where A is a regular square matrix. The model (1) is de-
termined only if y = Hz where H is an m × (m − 1) full-
column-rank matrix, and z represents an (m−1)-dimensional
signal. For example, x described by (1) corresponds to a reg-
ular mixture if y embodies m− 1 directional sources.

A more flexible solution is to project u back to x using
least squares. The projection matrix is

V = arg min
P∈Cm,m

E‖x−Pu‖2 = CBH(BCBH)−1, (3)

and the estimate of the projected signal is

ûx = CBH(BCBH)−1Bu. (4)

This estimator has advantageous properties. First, it is scale-
invariant in the sense that B can be substituted by ΛB where

Λ is a d × d regular matrix while ûx will not be changed
by Λ. Second, the estimator is applicable even if the whole
de-mixing matrix is not available or if the mixture x is under-
determined.

Now, we apply (4) as if x is determined as follows. Let w
and W be, respectively, a separating vector and a matrix such
that wHx is equal to s up to a scalar multiple while WHx
is equal to z up to a multiple by an unknown regular scaling
matrix. The estimates of the extracted signals by w and W
as they appear on the microphones are, respectively,

âs =
CwwH

wHCw
x, (5)

ŷ = CW(WHCW)−1WHx. (6)

The theoretical properties of the estimators are as follows.
In the special case that x is determined, the estimators are
consistent (approach the true signals when the length of data
grows). In the fully underdetermined case, which happens
e.g. whenever y involves a diffused source that is active on
all microphones, then if WH is orthogonal2 to a, (6) is an
optimal estimate of y in the least-squared error sense. Note
that no w such that separates s from x exists in the underde-
termined scenario. Nevertheless, âs still appears to be a good
approximate of as if w extracts s with an improved signal-to-
noise ratio. We therefore use (5) to cope with (P1).

3. PROPOSED BEAMFORMERS

Let WH represent the BM part of GSC, that is, be orthogonal
to a, and let its rank be equal to m − 1. We will derive ap-
proximate MVDR and MMSE beamformers using the above
estimators.

3.1. Approximate MVDR

The strategy is to replace y and Cy in (2), respectively, by (6)
and by the covariance of ŷ, which is, according to (6), equal
to

Cŷ = E[ŷŷH ] = CW(WHCW)−1WHC. (7)

Next, a can be identified, up to an unknown scale, as a
nonzero vector from the null space of WH . Let us denote
such vector as b, which will be used to replace a in (2).

After the replacements, two problems have to be resolved.
First, Cŷ has rank m− 1, so its inverse matrix does not exist.
Second, as b differs from a by a multiple, so will differ the
scale of the extracted signal from the desired one.

We propose two ways to cope with the rank deficiency of
Cŷ. One is to replace C−1ŷ by the Moore-Penrose pseudoin-

verse denoted as C†ŷ. By doing so, we arrive at an off-scaled

2Note that WH , such that is orthogonal to a, in fact, satisfies the defini-
tion of a blocking matrix.



approximate MVDR beamformer that is represented by

ŵMVDR,1 =
C†ŷb

bHC†ŷb
. (8)

The second way resides in reducing the signal dimen-
sion, e.g., by neglecting a selected microphone signal. Gen-
erally speaking, let E be a d×m full-row-rank matrix where
0 < d < m (e.g., the upper submatrix of the m ×m identity
matrix). Let also E be such that ECŷEH is regular. Then,
Ex is the reduced signal, and ECŷEH = CEŷ, which is the
approximate covariance matrix of Ey, the noisy part of Ex.
Finally, Eb is equal to Ea up to the unknown scaling.

Hence, the corresponding off-scaled approximate MVDR
beamformer that applies to the reduced signal Ex, is defined
through

ŵMVDR,E =
(ECŷEH)−1Eb

bHEH(ECŷEH)−1Eb
. (9)

The last step is to cope with the unknown scaling of
ŵMVDR,1 and of ŵMVDR,E due to that of b. We propose
to apply (5), thereby re-scale the beamformers so that they
estimate as and Eas, respectively. To justify, note that, in
the context of BSS, ŵMVDR,1 and ŵMVDR,E could be seen
as vectors that aim to separate (extract) the target signal s,
respectively, from x and from Ex.

Finally, the beamformers estimate vector signals and are,
respectively, represented by rank-1 transform matrices

ŴMVDR,1 =
CŵMVDR,1(ŵMVDR,1)H

(ŵMVDR,1)HCŵMVDR,1
, (10)

ŴMVDR,E =
ECEHŵMVDR,E(ŵMVDR,E)H

(ŵMVDR,E)HECEHŵMVDR,E
, (11)

where their outputs are ŴMVDR,1x and ŴMVDR,EEx, re-
spectively.

3.2. Approximate MMSE

The MMSE beamformer can be implemented as the MVDR
beamformer followed by the Wiener postfilter; see page 447
in [3]. Specifically, wMMSE can be written as

wMMSE =
σ2
s

σ2
s + (aHC−1y a)−1︸ ︷︷ ︸

Wiener postfilter

·wMVDR, (12)

where σ2
s = E[|s|2]. The Wiener postfilter is represented by

the scalar fraction where Λ = (aHC−1y a)−1 is, in fact, the
variance of the residual noise at the MVDR output, that is,
Λ = E[|wH

MVDRy|2]. In addition, the denominator σ2
s + Λ

is equal to the variance of the whole MVDR output. By in-
corporating the approximate MVDRs derived above into this

MMSE implementation, we derive an approximate MMSE
processor that estimates as as follows.

The output of (10) and of (11) can be, respectively, ap-
proximated as

ŴMVDR,1x ≈ as+ ŴMVDR,1y, (13)

ŴMVDR,Ex ≈ Eas+ ŴMVDR,E Ey. (14)

The last terms of (13) and (14) correspond to the residual
noise in the output of the approximate MVDRs. We propose
to replace y by ŷ defined through (6) to approximate these
terms, i.e.,

r1 = ŴMVDR,1ŷ ≈ ŴMVDR,1y,

rE = ŴMVDR,E Eŷ ≈ ŴMVDR,E Ey.

These terms can be used to approximate the Wiener postfilter
at each output of the approximate MVDRs as follows.

Let the vector outputs of the approximate MVDRs be,
respectively, denoted as u1 = WMVDR,1x and uE =
WMVDR,E Ex. Approximate Wiener postfilters3 for all input
channels, represented by a diagonal matrix, are given through

ŴWF,i = diag
[
max{|ui|2 − |ri|2, ε}

]
· diag

[
|ui|2 + ε

]−1
,

(15)
where i ∈ {1,E}, diag[·] denotes a diagonal matrix with the
argument of its diagonal, and ε is a small positive constant that
restrains from division by zero. Finally, the transform ma-
trices of the proposed approximate MMSE beamformer are
given through

ŴMMSE,i = ŴWF,iŴMVDR,i, (16)

where i ∈ {1,E}.

4. EXPERIMENTAL EVALUATION

The experiments reported here were performed in the off-line
regime4 with simulated six-channel noisy recordings. The
data were taken from the third CHiME evaluation campaign
[15]. A 7 s female utterance from file F05 440C0202 BTH.
CH0.wav was convolved with room impulse responses taken
from [16]. The speaker’s distance corresponded to one meter
from a linear array of six microphones at 0◦. The reverber-
ation time was T60 = 360 ms; the microphone spacing was
8 cm; the sampling frequency is 16 kHz.

The microphone images of the utterance were mixed with
six-channel recordings of noise from CHiME. There are four
different noisy locations: BUS, CAF, PED, and STR. Each
experiment was repeated 100 times with randomly selected

3It is possible to consider other approximations of the Wiener postfilter or
other single-channel post-filtering approaches; see, e.g., [14].

4The proposed beamformers can be easily modified for on-line processing
using recursive estimators of covariance matrices. We report only the off-line
testing in this paper due to limited space.
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Fig. 1. SNR improvement averaged over 100 trials when input SNR is 0 and -10 dB, respectively. The length of DFT is 1024.

samples of noise. Then, the signals were processed in the
short-time Discrete Fourier Transform (STFT) with the length
of the DFT L, hop-size L/2, and the Hamming window.

Methods applied to the noisy recordings were assessed in
terms of the output signal-to-noise ratio (SNR). Both vari-
ants of the proposed beamformers were compared, that is, the
one using the Moore-Penrose pseudoinverse (MP) and the one
based on the reduction approach (RA). In the latter case, E
was taken as the upper m− 1×m part of the m×m identity
matrix (m = 6).

The BM part of the beamformers was constructed using
estimated RTFs between pairs of adjacent microphones. Let
Hi

RTF(k) denote the RTF between the ith and the (i+1)th mi-
crophone, i = 1, . . . , 5, k is the frequency index. The block-
ing matrix is then defined as

W(k) =


H1

RTF(k) 0 . . . 0
q(k) H2

RTF(k) . . . 0
...

. . . . . .
...

0 . . . q(k) H5
RTF(k)

0 . . . 0 q(k)


(17)

where q(k) = − exp{ 2π
√
−1Dk
L } and D is the integer delay

parameter introduced due to possible acausality of the RTFs;
the default value was D = 20.

The RTFs were estimated using (1) least-squares (see,
e.g., [9]) and noise-free target signal images (available in
simulations only) and (2) the frequency-domain estimator by
[1] that is fully independent of a priori knowledge. The latter
assumes that y is stationary, which, in fact, is not satisfied in
case of the CHiME noise, so a suboptimal accuracy could be
expected. The reader is referred, e.g., to [17, 18, 19, 9] for a
more advanced RTF estimators based on BSS.

Fig. 1 shows results of the experiment in two scenarios
where input SNR is 0 and -10 dB, respectively. Ten ap-
proaches are compared. As a reference, “true” MVDR and
MMSE beamformers were computed using (2) and known
source and noise signals. The SNR improvements achieved
by these methods stand for optimum results, which are be-
tween 10 to 20 dBs, depending on the type of noise.

Next, the approximate MVDR and MMSE beamformers
have the acronyms aMVDR(A,B) and aMMSE(A,B), respec-
tively, where A signifies the variant MP or RA, and B sig-
nifies the RTF estimates used to form the blocking matrix
(oRTF - oracle estimates, eRTF - estimates by [1]).

With the oracle RTFs, the beamformers achieve high
SNR improvement in the range from 8 to 15 dBs, which
points to their efficiency (although the SNR is lower than that
of the “true” beamformers). For both input SNR situations,
aMVDR(RE,oRTF) achieves higher SNR than aMVDR(MP,
oRTF), nevertheless, the difference is maximum about 1-
2 dB. The same holds for aMMSE, but the improvement is
significant only when the input SNR is -10 dB; in the 0 dB
case, MMSE with MP is slightly better than with RE.

While true MVDR can achieve higher SNR than true
MMSE, especially, when the input SNR is 0 dB, aMVDR
appears to be always outperformed by aMMSE. This follows
from the aMMSE structure as it is, in fact, a post-processed
aMVDR by the approximate Wiener postfilter. The postfilter
thus always succeeds in improving the SNR (nevertheless,
this is usually achieved at the cost of a small distortion of the
target signal).

The performance with eRTF is significantly lower than
with oRTF, which points to the importance of the accuracy
of the RTF estimates (or blocking matrix, in general). Also,
the results with eRTF are better in case of input SNR 0 dB
then in the −10 dB case, obviously because the accuracy of
the eRTF estimates improves with the input SNR. The SNR
improvement also depends on the characteristics of noise; the
best results seem to be achieved for the CAF noise.

5. CONCLUSIONS

The results confirm that the performances of the proposed
beamformers depend purely on the accuracy of the target sig-
nal blocking. A way to improve the latter is thus to employ
more robust and accurate RTF estimates. Using BSS esti-
mates is the topic for our future works as well as on-line
(adaptive) implementations of the beamformers.
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