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ABSTRACT

In this paper, stability of the CANDECOMP-PARAFAC (CP)
tensor decomposition is addressed. It is done by deriving the
Cramér-Rao lower bound (CRLB) on variance of an unbiased
estimate of the tensor parameters, i.e. elements of its factor
matrices, from its noisy observation (the tensor plus a random
Gaussian i.i.d. tensor). The existence of the bound reveals
necessary conditions for essential uniqueness of the CP de-
composition, moreover, for identifiability of each column of
each factor matrix separately. Analytical closed-form expres-
sions of the bound are derived for 3 way tensors of rank 1
and 2. As a byproduct, a novel computationally efficient ex-
pression for the inverse of the approximate Hessian matrix is
derived.

Index Terms— Multilinear models; canonical polyadic de-
composition; Cramér-Rao lower bound

1. INTRODUCTION

Three-way and higher-way data arrays need to be analyzed
in many research areas such as chemistry, astronomy, or even
psychology. Parallel factor analysis (PARAFAC), or Canoni-
cal decomposition (CANDECOMP), or CP, is an extension of
a low rank decomposition of matrices to higher way arrays,
usually called tensors.

An important issue is the essential uniqueness of CP as it
entails identifiability of the factor matrices from the tensor. A
sufficient condition was derived by Kruskal in [1]. Recently,
the problem has been addressed again, for instance, Stegeman
et al. derived a condition that is closer to the necessity; see
[2] and references therein.

In this paper, we study this issue by analyzing the local
stability of the CP tensor decomposition. A tensor, deter-
mined by its factor matrices, is modified by adding a Gaus-
sian distributed random noise independently to each of its el-
ement. Stability of its CP decomposition means roughly say-
ing that a small change of the tensor elements does not cause a
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large change in the CP decomposition. The stability is studied
using the Cramér-Rao bound on the estimation of the factor
matrices as parameters of the distribution of tensor elements.
Finiteness of the bound points to necessary conditions for the
identifiability of individual columns of factor matrices. The
CRB for the CP decomposition has been studied already in
[3]. However, in that paper, no closed-form CRB expressions
are available.

In this paper, analytical closed-form expressions for the
bound on mean square angle deviations of columns of the fac-
tor matrices are derived for 3 way tensors of ranks 1 and 2.
These expressions imply conditions on stability of the CP de-
composition of 3 way tensors. As a byproduct, a novel com-
putationally efficient expression for the inverse of the approx-
imate Hessian matrix is derived.

2. PROBLEM FORMULATION

For simplicity, we restrict our presentation to three-way ten-
sors, although an extension to higher way tensors is straight-
forward.

Assume that a three way tensor X of the dimension I x
J x K has elements

Xiji =Y AifBjsChy (1)
f=1

where A;¢, Bjr and Cjy, are elements of factor matrices A,
B and C, respectively, that have dimensions I x 7, J X r and
K x r, and their kth columns will be denoted by aj, by and
ci, respectively; r is the rank of X.

Assume that a noisy observation of the tensor X is given,

Y=X+E 2)

where E is a tensor of the same dimensions as X. Assume
that elements of E are independent Gaussian distributed ran-
dom variables with zero mean and variance o2. The estima-
tion problem is to find the factor matrices A, B, and C from
the noisy observation Y.

There is an inherent permutation and scale uncertainty in
the problem. For the permutation ambiguity, we assume that



the order of columns of the estimated :&, ]§, and 6, matches
that of A, B, and C. To cope with the scale ambiguity of
the factors, we shall only study the angular differences be-
tween the columns of these matrices. For example, the angle
between the kth column of A and A is defined through its
cosine as

—~T
cos = M 3)
[EINE]

k =1,...r. Similarly, the angular deviations of columns of
B and C can be defined.

Let a parameter vector 6 contain all parameters of our
model. Let it be arranged as

o=1[07,. ... 6T 4)

where 6, = [al, bl cF]”. The maximum likelihood esti-
mate of 8 consists in minimizing the least square criterion

Q(6) = ||vecY — X(0)]||2, )

so it can be obtained by any algorithm that minimizes Q(8).

We wish to compute the Cramér-Rao lower bound for es-
timating 6. In general, for this estimation problem, the CRLB
is given as the inverse of the Fisher information matrix (FIM),
which is equal to [7]

F(6) = 5 37(0)3(6)

(6)
where J(8) is the Jacobi matrix (matrix of the first-order deriva-
tives) of vec[X ()] with respect to 8. The FIM is proportional
to H(8) = JT(0)J(0), which is an approximate Hessian
matrix of Q(0) that occurs in Gauss-Newton or Levenberg-
Marquardt optimization algorithms; see e.g. [4], or more re-
cently [5, 6].

The CRLB of one column of one factor matrix can be
found as an appropriate diagonal submatrix of the inverse of
FIM. We derive the bound for a; only, since then the bounds
for other columns of all factor matrices follow thanks to the
problem symmetry.

3. CRAMER-RAO INDUCED BOUND

It should be noted that the FIM (and the Hessian) is singular in
our case because of the scale ambiguity problem. It is possible
to fix scales of columns in two of three factor matrices, which
reduces the number of free parameters to (I + J + K — 2).
We use another approach here: H(8) is regularized by adding
uI to it, and a Cramér-Rao induced lower bound (CRIB) of
the mean square angular deviation is derived for © — 0, as
follows.

Let CRLB(ay,) be the submatrix of F~! which bounds the
mean square error in estimating aj. The angle o between ay,
and ay, is defined through its cosine as

~T
N \ak ak| N
COS Q = T—= =
[kl [|a |

rT+e
z(r+2e+v)

(N

where x = al ay, € = al Aay, v = Aa] Aay, and Aay, =
a; — ay,. Taking the second-order Taylor series expansion on
both sides of (7) and neglecting all higher-order terms of w, €
and v we get

1 1 €2 lv
l——a? =14 -—= —-—. 8
2 =52 T o, ®
Therefore
5 TV — g2 1 T T T
G=—73 = P[azAak Aay, —a; AagAagag]  (9)

and consequently
1
Ela}] = ?{xE[AaZAak] — a} E[AayAalla,}
1
= P{azE[tr(AakAaf)] —aJE[AayAalla,}. (10)

If &}, is the maximum likelihood estimate of ay, it holds asymp-
totically that E[Aa;Aal] = CRLB(ay). Combining this fact
with (10) it follows that the CRIB on the mean square angle
deviation of ay, can be defined as

tr[CRLB(ag)] al CRLB(ay)ay

CRIB(a?) =
* (M llax][*
tr[TI- CRLB(a
_ [, 2(k)] (11
lla |
where
I, =T —aa]/|la’ (12)

is the projection operator to the orthogonal complement of ay.
It easily follows that the CRIB is always non-negative.

4. ANALYTICAL INVERSION OF HESSIAN MATRIX

The Jacobi matrix and the Hessian matrix of the criterion for
the 3-way tensor was derived in [5]. Similar expression for
a general n—way tensor can be found in [6]. For the 3-way
tensor it was shown that H(8) can be partitioned into 7 X r
blocks of the size I + J + K,

Hy, H,,
H(0) = : : (13)
Hrl Hrr
where the (j,7)th block can be written as
BijvijLr %’jaibjr ﬂijaicf
Hj; = | vijbia] vl aibic] (14)
ﬁz‘jciaj aijcibjr OlijﬁijIK

fori,j7 = 1,...,F. Next, I, I;, Ix stand for identity ma-
trices of the dimension I, J and K, respectively, (the indices



will be skipped in the sequel) and «;;, §;; and +y;; is the (i7)th
element of AT A, BTB, and C” C, respectively.

In order to find a closer-form expression for the inverse of
H(0) + pI, note that the blocks of the Hessian matrix can be
written in the generic form

mij1+AM;‘§AAT AM{}BBT AmACcT
Hji = BMEAAT vi;1+BMESBT BMECcT
CMijAAT CMiCjBBT 21+ CMiCjCCT

(15)
where, by comparing (14) with (15), we get M{3* = MJP =

M%C =0, Mf}B = (MEA)T = Vijeie?, Mgc = (MJC;A)T =

Bijeiel , MPC = (M§P)T = ayjeie], zij = Bijvij+udij
Yij = Q%5 + ,LL(SZ‘]‘, Zij = O(ijﬁij + ,U(Sij fori,j7=1,...,7,
where e is the kth column of the r X r identity matrix,
k=1,...,7, and §;; is the Kronecker’s delta.

Now, under the assumption that r < min{/, J, K}!, the
inverse of H(@) + I can be sought in the same generic form.
Let the inverse be partitioned into blocks H;; with the same
structure as H;, with constants @;;, y; j and Z;; and matrices

MijQ, P,Q € {A,B,C}. The expressions for these con-
stants and matrices are derived in Appendix.

5. CRIB IN CLOSED FORMS

The computation of the CRIB on a; is now straightforward.
It can be found as the limit

CRIB(a}) = ¢ lim {
(af) ) APATE
where H,, is the left-upper diagonal block of (H(8) + pI)~!

of the size I x I, which is equal to H,, = 71,1+ AM,; AT
(the dependence of the right-hand side on p is not explicitly
shown). Then,

tr[H;Hu]] (16)

A

Il H,] = oIl (71,1 + AM,; AT))

= Tu(lli]+ur [(ATH;A)MﬁA}
= ([-D7n+t [(ATH;A)MflA] .an

Note that

L AT . 0‘%2 04%
All; A" =diag ( 0,22 — —=,...,qpp — —— | . (18)
Q11 (€551

5.1. Rank 1 tensors

1

In this case, T11 = (811711 + 1)+ and therefore

0.2

CRIB(a?)= (I —1)—— . 19
(al) ( )0411511’711 (19

'If » > min{I, J, K'}, the generic form for the inverse of H(0) + uI
may be still valid for suitable MZQ, P,Q € {A, B,C}, but it is overpa-
rameterized. The CRIB can be still computed via (16) and can be finite.

5.2. Rank 2 tensors

In this case,

_ 522722

711 = ((B"B) © (CTC) + uIrl)ll dpc

+ O() (20)

where dgc = det[(BTB) ©® (CTC)] and ® denotes the

element-wise product. The matrix M;; can be obtained by
solving the 12 x 12 linear system (22). The (2, 2)th element
of this matrix reads

—AA

(M, = a11B22722[ B9 dc + Viad 5]
11 =

dadpdcdpe

+O(n)

where d4 = det[AT A}, dg = det[BTB], and d¢ = det|CT C].
Therefore

o2

CRIB(a?) = — {(I— DT +
@11

da
Qi1

(MﬁA)zz}

02522’}’22 [ 5%2 7122}
= ——= 1 (I-1)+—=—=4+ =1
o11dpe ( ) dg  dc e

Since dgc > dgdc [8], we can see that the tensor decom-
position is unstable with respect to estimating the factor ma-
trix A, that means that the CRIB is infinite, if dg = 0 or
dec = 0 (i.e., if any of the factor matrices B and C has colin-
ear columns).

5.2.1. Example

We generated random orthogonal factor matrices A, B and
C of dimensions 4 x 2, 5 X 2 and 6 x 2, respectively. The
first column of A was modified as a; «— Aaj; + (1 — M)ag
with A € [0, 1]. In each trial, a noisy observation of the rank 2
tensor was generated according to (2) with ¢ = 0.01, and its
CP decomposition was computed using the LM2 method from
[5]. Note that for A = 0, the Kruskal’s sufficient condition for
essential uniqueness of the CP decomposition is not fulfilled.

+ LM2/a
x LM2/a
o LM2/b, (c)
o LM2/b,(c,)
--CRIB/a,
‘‘‘‘‘ CRIB/a,
——CRIB/b, (c))
. CRIB/b, (c))

02 04 06 08 1 12 14 16
D(al,az) [rad]

Fig. 1. Mean square angular deviation (MSAE) and the cor-
responding CRIB of estimated columns of factor matrices av-
eraged over 100 independent trials.



The results shown in Fig. 1 demonstrate good agreement be-
tween the performance of the maximum likelihood estimates
via LM2 and the CRIB. The example also shows that the rows
of A are well identified even if A = 0, which is in accordance
with the necessary condition provided by the CRIB.

(1]

[2]
6. CONCLUSIONS

We have derived explicit forms of inversion of the Hessian ma-
trix of the multilinear mapping that describes the CP factoriza-
tion. These expressions can be used for determining whether a
CP factorization of a tensor is stable or not. We have shown that
the inverse of the Hessian matrix can be performed in O(r®) (4]
operations, where 7 is the rank of the tensor, regardless of the
size of the factor matrices, only the products A” A, BB and
CTC are needed.

The analysis of the CRIB suggests that for stable estimation of
one factor matrix in the decomposition, all other factor matri-
ces must not have co-linear columns. The factor matrix of the
interest may or may not contain colinear columns and still can
be estimable in a stable way.

The CRIB for tensors of rank higher than two and more-than-
three-way tensors can be treated numerically by analyzing the

(3]

(5]

(6]

(7]

(8]
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Appendix
Inverse of the Hessian matrix can be found via the equation 22:1 ijﬁki =o,;lfor 4,5=1,...,7
" T L+ ;“:?J?AT AMAJBEE . Angg C; 1 :Aﬁfk‘“ AT Aﬁ{}iBT AEA?’ cT
> BMPAA vg;1+BMPEB BMCC BMEAAT ;p1 + BMEEBT BM;CcT = 6,1
= CME;AAT CMCBBT 1+ oM CcT cMGAAT cm§EBT =1+ em§CeT
r r —aa ]
3wzl + A <fikM,?]A + oMy + MEAAATAM, + MEPBTBM, + MO CTCM, ) AT = 5,1
k=1 k=1 i
. _
B { (mMEf +y My + MEAATAM,," + MEPBTBM,," + MPS CTCM;; ) AT = o
k=1 i
r —ca ]
¢ { (mMSf‘ 42, M+ MOAATAM, + M{PBTBML, + M CTCM); ) AT = o0
k=1 A
Therefore >, _, x;Ti, = 0;; for i,5 = 1,...,r, and hence the 7 x r matrix X = (fij);,jzl equals to the inverse of
. =——=AA —BA —CA . . .
X = (2ij)i j—1- Moreover, the matrices M, -, M;;- and M~ for4,k = 1,...,r are solutions of the 3r? x 3r? linear systems
" ~=AA ~~BA ~=CA -
> (@I + M ATA) M, + (Mk i BTB) My, + (M‘k“f c'oM;” = =) zaMp
k=1 k=1 k=1 k=1
" AA " ~——=BA CA " —
SOMEAAT AN + 3 (T + MEPBTR)MEY 4 SIMECCTO MG = -3 7P 22)
k=1 k=1 k=1 k=1
" ~~AA ~=BA " ~—=CA - —
> (MEFATA) M + (M PBTB)M,," + ) (a I+ M CTO) M, = =) zaMy;
k=1 k=1 k=1 k=1
for j = 1,...,r. Solution of each of the linear systems requires O(r%) operations, so that the whole inverse of the Hessian

matrix can be done in the same number of operations plus O (2
B”B and CTC.

(I 4+ J + K)) operations needed to compute the products A7 A,



