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ABSTRACT A maodification of the ALS algorithm using a technique

Parallel factor (PARAFAC) analysis is an extension of a lowc@ll€d Enhanced Line Search (ELS) was proposed, recently
rank decomposition to higher way arrays, usually called tenPY Rajih and co-workers [1]. The latest algorithm was shown

sors. Most of existing methods are based on an alternatifg Nelp in the case of the “single mode bottleneck”, where
least square (ALS) algorithm that proceeds iteratively an only one qf factors contained .nearly co.—I|.near vectprs.sThl
minimizes a criterion (that is usually quadratic) of the fittw algorithm is not so successful in more difficult “multipletbo

respect to individual factors one by one. Convergence ef thilleNeck” case, as is also shown in this paper. _
approach is known to be slow, if some of the factor contain An alternative approach to the PARAFAC analysis was

nearly co-linear vectors. This problem can be partly allevi PrOPosed by Paatero and co-workers in [2], called PMF3 in

ated by an enhanced line search (ELS) by Rajih et al. (2008329 three-way arrays. Itis a specific modification of the dan_m
In this paper we show that the method originally proposed by>auss-Newton or Levenberg-Marquardt method [3]. Unlike
Paatero (1997), consisting in optimization with respealto "€ ALS approach, in this method, all modes of the PARAFAC
modes simultaneously, can be simplified, and can far outpeflecomposition are updated simultaneously. In this paper we
form the ALS-ELS in ill—conditioned data in all modes. present a simplified version of the PMF3, combined with the

- ELS, which helps to improve convergence of the algorithm
Index Terms— Multilinear models; PARAFAC; CANDE- i, some critical points. Since the method is basically Gauss

COMP; Positive Matrix Factorization Newton, we shall refer to it as GN/ELS. We also study per-
formance of two variants of the Levenberg-Marquardt (LM)
1. INTRODUCTION method.

A very comprehensive comparative study of different PA-

Three-way and higher-way data arrays need to be analyzeRAFAC algorithms can be found in [6]. However, it does not
in many research areas such as chemistry, astronomy, or evigiglude the ELS. The ELS is compared to other algorithms in
psychology. Parallel factor (PARAFAC) analysis, or Caroni [1, 5], but these studies do not include PMF3 nor any of its
cal decomposition (CANDECOMP), is an extension of a lowmodifications.
rank decomposition to higher way arrays, usually called ten  The paper is organized as follows. Section 2 presents the
sors. ALS algorithm and the ELS. The GN/ELS algorithm is in-

Most of existing methods of PARAFAC analysis are basedroduced in Section 3. Section 4 contains simulations and
on an alternative least square (ALS) algorithm that proseedSection 5 concludes the paper.
iteratively, and minimizes a criterion (that is usually dtetic)
of the fit with respect to individual factors one by one. Some- 2 ALS AND ELS
times, there is a requirement that all factors should have no

negative elements, so that we speak about nonnegativexmatioy simplicity, we restrict our presentation to three-waydn

or tensor factorization. els, although an extension of the proposed algorithm toetigh
Convergence of this approach is known to be slow, if somgyay models is straightforward.

of the modes contain nearly co-linear vectors, where the it- Assume that a three way tenskrof the dimension/ x

eration ends in a “convergence bottleneck”, or in “swamp”; » K has elements

situations or nearly “degenerate” cases, where the faaters

highly colinear in all modes [4, 5].

F
Xijk = ZAifijCkf 1)
O0This work was supported by Ministry of Education, Youth ampb8s of f=1
the Czech Republic through the project 1M0572 and by Graengyg of the
Czech Republic through the projects 102/07/P384 and 100208, whereA; ¢, B;jr andCyy, are elements of factor matricés,



B andC, respectively, that have dimensiohsx F', J x ' wherey stands for a vector of measured d#as a vector of
andK x F, respectively. Heré" is the number of factors. the parameters of the model to-be estimaf¢@) is a nonlin-
Elements ofX can be arranged in & x (JK) matrix  ear function of the parameters that describes the model, and

XIxJK that is composed ok blocks of the sizd x J, W is a positive definite weight matrix.
K In our casey = vedY], 8 be composed of all elements of
X =X, X k] (2) A, BandC (the structure will be specified later), af@) =

vedA (C @ B)T]. The matrixW will be the identity matrix
in our case, for simplicity of the exposition.
The Gauss'’ iterative method can be written as

Then, X *7K can be written as
XK — A(CoB)T (3)

[r+1] _ plr] T —1xT S [r]
where® stands for the Khatri-Rao product (each column of 0 =07 +[F, WE,|7F, Wiy —£(67)]  (8)
CoB is_ the Kronecker (tensor) product pf correqur_ldingwherer is the iteration index an®, — 8f(0)/80|0 e
columns inC andB), and” stands for a matrix transposition. is the Jacobi matrix of the mappiryevaluated at the last

Assume that a noisy observation of the ter¥as given,  ogiimate of the parameter. Hee is assumed to have full
rank. In the following we shall omit the iteration index from

Y=X+E ) the notations.
whereE is a tensor of the same dimensionas Computation of the Jacobi matrxis very simple in view
The ALS algorithm consists in a cyclic minimization of ©f the facts
the least square criterion X,k X ,;
o = 0uBirCrr,  Fgly = 0jeAisChy
_ v IXIK _ T2 OXiin
Q=Y A(CoB) [z (5) St = Gy Ay By 9)

where|| - || stands for the Frobenius matrix norm, with re-
spect to the factorg\, B and C, keeping the other factors
fixed. For example, the LS estimate Afis given as

for all suitablei, j, k, £ and f. Since, however, this matrix has
I1JK rows, which might be a large number, we shall compute
directly the products

A=YE(CoB) © o = FTF (10)
where ™ stands for the Moore-Penrose pseudoinverse. Foénd
more details on the ALS, including suitable initializatiand €= 7[5 — £(6)] (11)

data pre-processing see e.g. [6].
The Enhanced Line Search (ELS) is a general optimizathat have the dimensioR(7 + J + K) x F(I + J + K) and

tion technique that is applicable to any iterative algonth F(I 4+ J + K) x 1, respectively. Assume thétis arranged
provided that the optimization criterion is a polynomial or as
a rational function. If an algorithm suggests to upd@tt® 6=107,...,05)" (12)
6 + A0 in one step, the ELS technique consists in finding an
optimum step size by treating the functigi@ + v A@). This where T T T T
function is a polynomial in parameterand the optimum step 0; =[A By, Coyl (13)
size is found among stationary points of this polynomial. Injs composed of thg—th column of A, B andC for f =
our case we assume thtats composed of all elements of the 1, ... F. Then, the matrix¥ can be partitioned ifF x F
matricesA, B andC. It was suggested to apply this tech- plocks of the sizd + J + K,
nigue to enhance convergence of the ALS in [1, 5].

‘I’ll o ‘I’lF

3. THE GAUSS-NEWTON METHOD U = : : (14)

N L ) Up ... Upp
Paatero [2] proposed to minimize the criterion (5) simudtan

ously with respect to the elements of all three matrided3  where the(j, i)—th block can be written as
andC. Basically, his method can be interpreted as a Gauss’

iterative method (e.g. [8]), a generic tool for minimizatiof Biyvisli - i ALBL BiA.CL
a quadratic form which depends on a nonlinear function of ¥;; = | ~v;;B.;AT;,  ayv;I;  ayB.;Cl; (15)
parameters. Bijcz,iA;J‘ ozijC:,iij OéijﬁijIK

Let the criterion (5) be written in the form
fori,j = 1,...,F. Next, I, I, Ix stand for identity ma-

Q=1[y—f(0)]"W[y —£(8)] (7)  trices of the dimensiof, J and K, respectively, and;;, 3;;



and-y;; is the (ij)—th element ofAT A, BTB, andCTC, the optimization could never find the correct solution.) dls
respectively. The vect@ can be written as this selection of the excluded parameters has the conseguen
that remaining parameter converge more quickly.

T
= el ] (16)
3.2. Implementation details
where . . ,
YIXIK(C, ;@ B, ) It might happen that the matri vy|th reduceq number of.
g =| YIK(C oAy | . (17) rows and columns, as Qgscrlbed in the previous subsection,
YK (B, ;@ A, ) is not enough well conditioned, or for this or of some other

r n, the parameter incremex® = ¥ ~'¢ does not lead
The straightforward application of the Gauss’ iterationds eason, the parameter incre T 5_ oes not lea
to a better (lower) value of the target criterigh One pos-

possible, because the Jacobi mafiis not full rank and the ol ¢ achievi i - |
matrix ¥ is not invertible. It is a consequence of the scale>?'€ Way Of achieving monotone convergence Is to replace

uncertainty of the multilinear fitting problem. In short,yan problematic steps of the GN algorithm by the outcome of the

increase of the scale in one factor can be compensated b)}%‘s qlgquthm at the direction prod_uced by the GN'. This is
proportional decrease of the scale of the corresponding fag:hfa p_r|n0|p!e of the proposec_j algorithm GN/ELS. Since the
tor in a different mode. In the original PMF3 algorithm this criterion Q |s_bounded not to increase, convergence of the re-
problem is solved by augmenting the criterighin (5) by sultant algorithm (at least a local one) is guaranteed. R
an artificial term involving Frobenius norms of the indivadu Similarly, in the LM algorithm, where the iteration4sd =
factors. The modified criterion is (P +uI)~ '€ for a suitable choice qi [3], the convergence is
~ guaranteed as well. In this paper we study two variants of the
Q=09+ul0*>=9+u(|A|%+ |B||% + |C|%) (18) LM algorithm: without and with the dimensionality redugatio

) N ) _ described in the previous subsection. They are denoted LM-1
wherey is a small positive correction parameter. The artificialang LM-2, respectively.

term makes the optimization task well defined and removes |pjtialization of the algorithms (GN/ELS, LM-1,2) should
the scale ambiguity. It is equivalent to introducing a scaléhot be quite arbitrary in order to achieve a quick convergenc
constraint on the factors. In practice, adding the comecti e found useful to initialize the algorithms by outcome of

term is equivalent to addingl;; ; x t©0 W, just like inthe  gne jteration of the ALS algorithm (which also should be ini-
LM method [3]. Note that in the original PMF3 algorithm, tjalized with some care [6]).

there was another optional additional term in the critetiai As one can expect, the optimization task may have several
enables to impose a nonnegativity constraint on the fagors |gcal minima, like the ALS algorithm. Neither these algo-
B andC. The constraint is ignored in this study. rithm guarantee that they have converged to the truly déepes

minimum. As in the case of the ALS algorithm, it is recom-
3.1. Solving the ambiguity problem mended to let it run from several different starting points.

Matlab code of our implementation of the algorithms has

In this paper we propose a new solution of the scale ambigudeen posted on the Internet[9]

ity. The solution leads in reduced dimension of the optimiza
tion term instead of introducing the scale constraint. €her
fore it is computationally simpler and numerically more-sta 4. SIMULATIONS

ble. . . . .
In short, we propose to exclude one element from the min_l-n this section we test the proposed algorithm on two nontriv

imization in each factor and in each mode (except one mode?‘:]II data Eets.hwl? skip the case ofda single ﬁpttleneCE: Vr\:h'Ch
In total, it is necessary to exclu@é’ elements of the parame- b eanls tdat tl e alctors '.T one mg ehare cg megr, Wh'c. can
ter vectord from the minimization. In each factor of each but 2€ SOlved relatively easily, e.g. by the A'f -ELS tec nique.

one mode we exclude the element that has the largest magt'ﬁgr lack of space, we present examples with double and triple

tude from the optimization. The excluded elements may hav ottleneck. In all cases we have considered three-waysrray
indices of the sizel2 x 11 x 10 of the rank 5.

The factors were generated as independent Gaussian dis-
i = argmax|4, ;| and Z-;b) = argmax|B; /| . tributed with zero mean and unit variance of the selectesl siz
12x 5,11 x5 and10 x 5. Then the first two or all three modes

These elements are kept unchanged in the Gauss’ iteratiowere modified to contain nearly collinear vectors, as folow
while corresponding columns and rows in the matlixare  Its second and third columns. > andA. ;3 were replaced by
deleted together with corresponding elements of the véctor A.; + 0.1A. 5 andA. ; + 0.1A. 3. Thus, the first three fac-

The proposed way of selection of the parameters to be exers become nearly colinear, having the mutual angle about
cluded from the minimization reduces the probability thett 0.1 « 180/7 ~ 6°. Similarly, colinearity can be achieved in
true value of the excluded parameter is zero. (If it were zerathe other two modes.
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Fig. 1. Convergence in the double bottleneck case.
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Fig. 2. Convergence in the triple bottleneck case (a swamp).

The tensoiX was constructed from the factors above, and

finally a noisy observatiofY was obtained by adding an ad-

ditive noise that was independently generated for each en{4]

try and had the varianced)=%|| X ||2./(IJK). Examples of
convergence of the ALS estimator, ALS/ELS, LM-1, LM-2
and of GN/ELS is shown in Figure 1-2. In the example with

the triple bottleneck, convergence of ALS and ALS/ELS was |g
not observed at all. Computational time of one iteration of

ALS/ELS, LM-1, LM-2 and GN/ELS was, respectively, about
2.8, 4.2, 4.3 and 4.9 times longer than one iteration of ALS.

Since the convergence patterns have changed simulation

to simulation, we studied the relative frequency of trialkere

the algorithm converges in 200 iteration steps to the lowest [7]
value of the target criterion (plus 2% tolerance) among the
five algorithms. We have conducted 1000 independent tri- g
als in each scenario. In the former scenario, ALS has never
converged to the lowest achievable value, ALS/ELS in 25.4% [9]

trials, and LM-1, LM-2 and GN/ELS in 98.4%, 99.1% and
in 78.8% trials, respectively. In the latter scenario, Alrfsla

ALS/ELS have never converged (in the 200 iterations), and

LM-1, LM-2 and GN/ELS in 79.5%, 80.1% and in 80.6%
trials, respectively. We note that LM-1, LM-2 and GN/ELS
greatly outperform ALS and ALS/ELS. LM-2 has a slightly

better convergence than LM-1 thanks to the dimensionality
reduction. GN/ELS seem to converge faster than LM-2, but
in average it has slightly higher probability of being stedp

at a false local minimum of the target criterion than the two
other algorithms.

5. CONCLUSIONS

The tensor factorization algorithms that optimize all nedé

a tensor simultaneously were shown to perform much better
than the popular ALS or more advanced ALS/ELS methods
in difficult scenarios.The overall winner of the comparisdn

the algorithms was the Levenberg-Marquardt method with the
reduced dimension of the optimization (section 3.1).

We believe that the idea of linearization of the multilin-
ear fit in a neighborhood of the latest estimate of the tensor
decomposition can serve as a possible tool useful for other
similar tasks such as a positive tensor factorization, sgtam
ric tensor factorization, and a robust tensor factorizafid].
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