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Abstract

Instantaneous linear model is well-studied problem in Blind Source Sep-
aration. Many algorithms have been developed [2] for this purpose, there-
fore, their mutual comparison [3] or analysis of their efficacy is practical
issue. In this paper, a detailed derivation of the Rao-Cramer lower bound
for Independent Component Analysis is provided, which gives the theoret-
ical lower bound of separation performance.

1 Introduction

Independent Component Analysis (ICA) is a well-known method for Blind Source
Separation. Its purpose is to recover unknown original sources from their linear
mixtures without any a priori information. The linear ICA model is

X = AS, (1)
where
11 -+ TIN
X =
g1 -+ TdN

denotes a matrix of the mixed signals,

S11 + SIN
S =

Sd1 ' SdN

is a matrix of the original signals, and A is an unknown regular d x d mixing
matrix. Basic assumption of ICA is the independence of the original signals.
In this article, we consider a model when s;; are i.i.d. random variables with
probability density function f;(s;;).



When introducing a new algorithm it is always important to show its per-
formance properties. This can be provided through some theoretical analysis or
computer simulations. It is also usual to compare the results with another meth-
ods. There are many algorithms for ICA which has been developed in last two
decades because of increasing attention to this problem in the signal processing
community. In this article, we derive the Rao-Cramer lower bound for unbi-
ased estimation of the elements of the mixing matrix A (or the de-mixing matrix
W = A1), which can give us a general performance criterion for ICA.

2 Cramér-Rao lower bound for ICA

When a vector of parameters 6 is estimated from a data vector z that have
probability density fy9(z|f), the Cramér-Rao lower bound (CRB) is the lower

bound for the variance of any unbiased estimator 6. Assume that the following
Fisher information matrix and its inversion exist:

B 1 Ofuo(]0) (Ofza(x]0) ’
F—Eelz o ( a0 )]

Then, under the regularity condition [4], i.e.,

L. supp foj9 = {z|fzj0(x|0) # 0} is independent of 6

(2)

2. Hag—”e‘e for almost all z.
dln f,
3. B |25k =0
it holds R
covh > CRBy = F!
If ¢ = (0) is a differentiable function of 6, then the Fisher information matrix
for ¢ exists as well and is equal to

F,=T'FT T (3)

where T is the Jacobian of the mapping (). If the mapping is linear, ¢(6) =
M0 for some regular matrix M, then T = M?. We shall use all these general
statements in case of [CA, where z = X = W™!S and 6 = vec[W].

2.1 The Fisher Information Matrix

Due to the independence, the mutual probability density function (pdf) of the
original signals S is £(S) =[], vazl fi(si;). Than the transformation theorem
claims that

fx(X) = | det W|f(WX). (4)
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Let denote the elements of matrices A and W by a;; and w;j, respectively. Note
that m-th element of the parameter vector 6 is w,, for m = u(d — 1) + v. Using
the definition (2) the mn-th entry of the Fisher information matrix, where m =
u(d—1)+vandn=p(d—1)+r,is

o 1 Jfx Ofx o |detW|_2 dfx O0fx
oo =8| o] “H (7 ) G

[% 0w,y Owy,
To derive the latter relation (see Appendix A) we shall use following rules [5] and
assumptions:

()

det W
0de = a;;det W (6)
8wij
oW
8wij J ( )
lim t(H) =0 < /tf;(t)dt: 1 (8)
t—=o0 R
/ tfi(t)dt = o < +oo (9)
R
Here i,7 = 1,...,d and E;; denotes a zero matrix with ij-th element equal to

one. Due to the indeterminacy of the variance of the original signals [1] we can
assume that o2 = 1. Also, for simplicity, zero mean value of the original signal is
assumed, i.e.,

/R LR (8)dt = 0. (10)
After lengthy computation (see Appendix A) we get
F,n.=(N— 1)2awarp + Nayya,+
+ 0up N yutry (E [su00u(50)]° = 2) + 6, NE [¢2(5,)] zd: (yiayg, (11)
T

where 1, denotes the score function of the corresponding pdf, i.e., ¥, (z) = —ﬁ—gg.
The assumption of existence of the score function and of finiteness of the expec-

tation values in (11) follows:
E[¢2(s.)] = /R V2 (0) fu(t)dt < 400 (12)
B [subu(su)]? = / 2 fult)dt < +o. (13)



2.2 Derivation of F~!

From the basic model (1) follows that the separation may consists in the esti-
mation of the de-mixing matrix W. Let S denotes the estimated signals and
W denotes the estimated de- mixing matrix. Then, S = WX = WAS. Tt is
known that the blind separation can be performed up to an indeterminacy of the
variances, the signs, and the permutation of the original signals [1]. Because the
indeterminacy of the variance of each signal is equivalent to the indeterminacy
of the norm of corresponding row of the de-mixing matrix, the accuracy of the
estimation of the de-mixing matrix can not be used when deriving the accuracy of
the estimation of the original signals. Therefore, we will focus on the estimation
of the so-called gain matrix G = WA, which is just linear transformation of W.
Also the estimation of W can be viewed as a transformed estimation of W for
a case A = I (identity matrix), denoted by Wi. Of course, the latter transfor-
mation cancels the former, consequently, we can see that the matrix G equals
to Wi and is independent of the mixing matrix A. The inversion of the Fisher
information matrix can be derived just for the case A = I, thus, (11) simplifies
to

(1) = (N = 12600y + Nupdrn + N((sup(sw(amnu Y 5upmu5m) . (14)

where 7, = E [s,%u(s,)]* — 2 and k, = E[)2(s,)]. Note that we are interested
only in the CRB of the variance of the non-diagonal elements of G, which cause
the inter-signal interference and correspond to the diagonal elements of (F 1),
where m = (i — 1)d + 7, i # j. Using this, in Appendix B we derive that

1 K; 1 E [@Djz(sj)}

Fr Dom = — = — : 15
Fr) Nrirj—1  NE[¢2(s)]E [03(s)] — 1 (15)

which give us the desired lower bound
var(Gy;) > CRB(Gyj) = (Fr ™ )m. (16)

3 Conclusion

In this paper, we derive the CRB for ICA under general assumptions. It is shown
that the latter depends only on the probability density function of the original
signals. Since E[¢)?(s)] > 1 (see Appendix C), where the equality holds if and only
if s has standard Gaussian distribution function, the separation can be performed
under assumption that at most one of the original signals is Gaussian. This is,
indeed, well-known feature [2] in ICA.
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Appendix A

First, we derive ifv in (5) using (4) and (6)-(10)

ow
Ofs  Of(WX)|det W| \detW| Of(WX) _
w, dw,. = f(WX) + | det W|——— Dur
d
Ofi (WX
:|detW|an(WX)+\detW|ZZ< H fi((wx)w)>W:
S
—~(i=kAj=0)
8
g Je(WX)g)
e Wi W0 'ZZ W)
Next, let derive %jj{)“)
Afs (WX (WX 1 Owen
% — L ((WX)) (8wuv)kl = FLWX)) 3 G =

d
= [e((WX)e)dkuor = [L{((WX)k1)0ku Z Aok Skl

k=1
Returning to the above formula we get
dfx ful(
det W|f(WX) |y, e,
W, = | | f( Ayy + Z Z X)m)a ke Skl

=1 k=1



From (1) follows that S = A7'X = WX, consequently,

N d ’
afx Qyy + Z Z fzgzzgavkskl]

ow
uv =1 k=1

= | det WI[f(S)

Using this we can directly compute the mn-th entry of the Fisher information
matrix.

N d
\det W‘_2 afx 8fx f/(Sul)
an =E = Uy Qy r E > v
{( f2 D awm Ay App + App ;; fu(Suz)a LSkl | +
N d N d
So(spi) Ji(su) Jp(spi)
+ ap E P a,isi;i| +E = P Sk1S iyl oy
[Z — [ (Spi) " ZZZZ fu(sur) f(Spi) KRk
i=1 j=1 =1 i=1 k=1 j=1
The second and the third term are equal to —Nay,a,,, because E [%skl] =
—0gu- To simplify the last term, we shall consider two cases:
1. u # p, then
N N d d , (s
Z ZZE {fu(sul) Syl pz)sklsjz} Qoetinj = N2outyy + Netopre
I=1 i=1 k=1 j=1 1 Fu(su) {{(Sm) ,
Okubjp+0kpdiudil
2. u = p, then
N N d d
Sulsut) fu(Sui)
E 3 o SKIS iAok Oy | =
L EE e e,
d d o N2
-3 33 [ s
i=1 k=1 j=1_ Fulsui) |
Shatam FACHFACH
+ E{ u Ul Sl Ssz'z} Ayl lrj =
2 2 2 B[ s ]
il oSy X
N 2 d N 2
f’(sm-)] 2 [ 2 (Sui) ]
= E -4 E[s%;] ayjarj + Gy E -4 Swil| +
2 l Futou) | 2 Bl 2B P
———, 1 ~ ~ v
Ewie) 7 Bl (e.)e2]
N d
+ 3wt = N(ER2E)] D avjars + (ERAE)E] + (N = 1) auar)
il=1 =1
il T2
Here &, denotes a random variable with pdf f,,, and 1, denotes its score function,
ie., ¥,(x) = —;zgg After few simplifications (11) follows. n
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Appendix B

Definition (14) can be rewritten as Fy = (N — 1)?F; + N(P + X), where mn-
th element of Fi, P and ¥ are 6;;0pu, 0julpi, and 8;:0,u,00(n; — ki) + diudujki,
respectively, for m = (i—1)d+j and n = (u—1)d+v. Note that F; is a rank-one
matrix, F; = ee”, where e = vec(I). Next,

eiel eel ... egel
P = eleg and
el .. eqel
E:diag(zh,/ﬁ,...,m;,mg,ng,@,...,m%,...),
M M

where e; denotes the i-th column of I.
Applying the matrix inversion lemma

(M+BC) =M — M 'B(I+CM'B)"'CM ",
for M=P+ 3, B=e, and C = e’ we get

_ 1 o, (P+E)lee(P+3)7!
Fil=—|P+32)! -
I N (P+3) (N]jl)Q +el(P+X)le

(17)

To compute the inversion (P + X)~! note that X is diagonal and P is a special
permutation matrix such that Pvec(M) = vec(M?) for any d x d matrix M.
Moreover, P obeys PP = I, and for any diagonal matrix D = diag(d) it holds
that

PD = D'P,

where D’ = diag(Pd) = PDP. These facts can be used to show that the inversion
of P 4+ X can be written in the form D; + D,P for suitable diagonal matrices D,

and Dy. The equality
(P+X)(D; +D,P) =1

is fulfilled for ¥D; + Dj =1 and D)} + XD, = 0. Hence
D, =T -1)'Y and Dy,=-X'D]

where ¥’ = PXP and D) = PD,P . Finally, to see that (F1 ") mm = N (D1)pm
form = (i — 1)d + 7, i # j, we must prove that (D3),,, = 0 and so does the
second term in (17). This, indeed, easily follows using the special properties of
the matrices F; and P, therefore, the assertion (15) follows from the definition
of Dy, which concludes the appendix. [ ]



Appendix C

Let f(z) is a differentiable probability density function for almost all  and for
which the first and the second moment exists. Let the score function fulfils (12).
Then we can start with the equality

/]Rf(x)d:)s =1.

Using the integration per partes and due to the existence of the first moment
p= [ xf(x)dr we can write

- [=mradn =1

Next,

e e S,
/R (2 = i F) e =1

From the Cauchy-Schwartz inequality follows that

ve | -] | [ L8] < vapuo.

f
Consequently,
1
E[y?(x)] > 18

@) 2 s (15)
where the equality hold if and only if

U(x) o (x — p),
i.e., the density must be Gaussian. [ ]



